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O ' We consider the matter induced part of the effective superpotential of = 2, 



U{N) gauge model in which M = 2 supersymmetry is spontaneously broken to 
' = 1, by using the properties of the chiral ring and the generalized Konishi 

anomaly equations derived in our previous paper [arXiv:0704. 10601 It is shown that 
the effective superpotential is related to the planar free energy of the matrix model 
by a formula which consists of two parts — the well-known part due to Dijkgraaf- 
Vafa and the part that acts as a deformation of the couplings. These couplings are 
those of the original bare prepotential in the action and at the same time matrix 
model couplings. 
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1 Introduction 



In the last two decades, various investigations have been made on the low energy effective 
action of supersymmetric gauge theory. It has been shown that the low energy effective 
action of A/" = 2 supersymmetric gauge theory, which is governed by the effective pre- 
potential, can be explicitly calculated, by exploiting its powerful constraints associated 
with holomorphy [1] and instanton calculation [2]. In contrast to the fact that M = 2 
supersymmetric Yang-Mills theories are in the Coulomb phase, M = 1 supersymmetric 
gauge theories offer a wealth of vacua. Physically interesting phenomena, such as con- 
finement and mass gap occur in low energy. It has been conjectured in the context of 
the topological string theory and the gauge/gravity correspondence [21 SI [5] that the ef- 
fective superpotential is related to the matrix model free energy [6], which we refer to 
as Dijkgraaf-Vafa relation. This relation has been shown in [71 [HI [9] by the purely field 
theoretical argument. (For subsequent developments on the calculus associated with the 
matrix model curve as algebraic integrable systems, see [TO].) 

More recently, a supersymmetric U (N) gauge model, in which M = 2 supersymmetry 
is spontaneously broken to A/" = 1, has been found in [HI [12], and this model is the 
non-Abelian generalization of the Abelian model [13]. (See also [T4l [T5] for the cases with 
hypermultiplet, [16] for M = 2 supergravity and [T7] for related discussions.) It is not 
difficult to imagine that this model connects the above M = 2 and A/" = 1 theories. On 
the one hand, M = 2 supersymmetry is restored in the small Fayet-Iliopoulos parameters 
limit. To be precise, in this limit, the action of the model [HI [12] reduces to that of 
the extended M = 2 supersymmetric Yang-Mills theory whose effective superpotential 
has been discussed in the literature [T8l [T9] . On the other hand, the action of the model 
reduces to that of the A/" = 1 supersymmetric U (N) theory with an adjoint chiral superfield 
<l> and a tree level superpotential W{^), which has been considered by [HI [7], [8], in the 
limit where the Fayet-Iliopoulos parameters are taken to be infinite [20]. Therefore, we 
can regard, at the classical level, the above two different theories as the particular limits 
of the model. We illustrate this in Figure [H 

So it is quite interesting to consider the quantum structure of this model: how is the 
effective superpotential? and how is the Dijkgraaf-Vafa relation deformed? In [21], we 
have started an analysis on the matter induced part of the effective superpotential of the 
model by computing the loop diagrams, following the spirit of [7] and have shown that the 
Dijkgraaf-Vafa relation is deformed in the region of large Fayet-Iliopoulos parameters. We 
have determined the leading term of this deviation from the Dijkgraaf-Vafa relation. In 
this computation, however, we have to treat many interaction terms and it is technically 
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Figure 1: Interpolation by Fayet-Iliopoulos parameters e, m and ^. At the energy Aq, the action 



small and large Fayet-Iliopoulos parameters limits respectively. 

difficult to calculate all the contributions to the effective superpotential. We have also 
derived a set of two generalized Konishi anomaly equations on the two one-point functions 
Ri^z) and Ti^z). 

The aim of this paper is to obtain an exact expression which relates the effective 
superpotential with the planar free energy of the matrix model. For this purpose, we use 
an alternative method which is based on the properties of the chiral ring and the Konishi 
anomaly [221 [8]. this approach, we do not need to take the Fayet-Iliopoulos parameters 
to be large. The effective superpotential consists of two parts both of which are written as 
operators acting on the planar free energy of the bosonic one-matrix model. The ffist part 
is well-known from the case of [6] while the second part acts as a (Whitham) deformatioij^ 
of the couplings. 

In |23], the effective superpotential of a generic M = \ gauge model containing the non- 
canonical gauge kinetic term has been derived, so as to justify the important assumptions 
of the matrix model and the generalized Konishi anomaly equations. The model we 
consider has been studied for a while [TTl [12], as an non-Abelian generalization of [T3] 
emphasizing the nature of partially and spontaneously broken M = 1 supersymmetry, 
and can be regarded as a distinguished class of a generic M = \ model. This paper is a 
sequel to our previous paper [21] , where the generalized Konishi anomaly equations were 
already derived. 

The organization of this paper is as follows. In section [21 we review results of [TTl 
^See, for example, [T5] . 



<S'^=2 °f model [HI [12] reduces to the action S}^=2 in [13 ^-i^cl the action Sj^=\ in [6] in the 
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[12], [201 [21] . Using the generalized Konishi anomaly equations [21], we obtain an explicit 
expression of the generating function of the one-point function R{z) in section [31 Also, by 
making use of the solution of the generalized Konishi anomaly equation for the generating 
function T{z), we obtain the relation in section [H Finally, we compare this result with 
the one derived from the diagrammatical computation [21] in section [51 



2 Preliminaries 

In this section, we collect some known facts which are important for the analysis of this 
paper. In subsection 12.11 we introduce the bare action of the model we study and discuss 
the partial breaking of A/" = 2 supersymmetry. In subsection 12. 21 and 12. 3[ we briefly review 
the results of our previous paper [21]. We explain the result from our diagrammatical 
computation in subsection 12.21 and derive the generalized Konishi anomaly equations in 
subsection 12.31 



2.1 The U{N) gauged model with spontaneously broken J\f = 2 
supersymmetry 



The bare action of the model we study in this paper is 



'M=2 



-iTr 
2 



9$ 



h.c. 



fn——— 
5$o J 



h.c. 



(2.1) 



4 d^^d^^ 

where V and $ are the vector and chiral A/" = 1 superfields whose on-shell components 
are (A^, A"") and (0, ip"') respectively. In terms of U{N) generators ta, a = 0, . . . , N"^ — 1 
(a = refers to the overall U{1) generator), the superfield \I' = {V, $} is \I' = \E'"ta- (We 
normalize the generators as Tr(tatb) = 5ab/'^-) Theoretical inputs are the electric and 
magnetic Fayet-Iliopoulos terms which are two vectors or a rank two symmetric tensor 
in the isospin space and are parameterized by the three real parameters e, m, ^ in the 
A/" = 1 superspace formalism we employ. In addition, the model contains an arbitrary 
input function J^($), which we refer to as a bare prepotential. Its prototypical form is a 



^In [TTl [12], the action (|2.ip is constructed, following the gauging procedure of the general Kahler 
potential in [24], and restricting itself to be the one dictated by the special Kahler geometry. For the 
sake of completeness, we show the equivalence of (|2.ip with the action in [TTl HI] in appendix A. 
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single trace function of a polynomial in $: 

n+1 

9i 



n 



(2.2) 



While this action is shown to be invariant under the Af = 2 supersymmetry transfor- 
mations [TTl [T2] , the vacuum breaks half of the M = 2 supersymmetries. Extremizing the 
scalar potential, we obtain the condition 



m 



(2.3) 



The left hand side is a polynomial of order n and determines the expectation value of 
the scalar field. In these vacua, the combination of the fermions, (A" =F i})"") / -\/2, becomes 
massive, while (A° ± il)^)/\/2 is massless, whose overall U{1) component is the Nambu- 
Goldstone fermion. In order to obtain the action on the vacua, we, therefore, have to 
redefine the superfields V and $ such that the fermionic components of them mix as 
= (A" ± V'")/v^- In [20], the action on the vacua has been obtained by taking 
this point into account and that the Fayet-Iliopoulos D-term can be included in the 
superpotential; 



'^Ar=l 



+ 



d^xd'^e 



--Tr ( ^e'"^^ 
2 



9$ 



h.c. 



where 



W^($) = Tr 



4 d^'^d^ 



n+1 

2(e±^0'^' + ^E|'^' 



(2.4) 



£=1 



(2.5) 



is the single trace function of degree n + 1 and J^($) is given by (12. 2p . In (12.51) . we have 
redefined e, m, ^ such that they include the factor 1 / \/2N which comes from the overall 
f/(l) generator to = '^nxn/ V2N. Also, it is understood that V and $ have been redefined 
as mentioned above. 

The action Sj^^^ (12. 4p is to be compared with that of the J\f = 1, U{N) gauge model 
with a single trace tree level superpotential W{^): 



I 



d^xd^OTi^e'"^^^ 



d^xd'^OTi {itWWc. + W{^)) + h.c. 



(2.6) 



where r is a complex gauge coupling r = 9/2t\: + Airi/g"^. In [TT], it is checked that the 
second supersymmetry reduces to the fermionic shift symmetry in the limit m oo. The 
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action S'_y=i in fact reduces to S_\f=i in the limit e,m,^ ^ oo with = mgi [i > 2) fixed 
[20] . We refer to this hmit as A/" = 1 hmit. 

In this paper, we consider the matter-induced part of the effective superpotential only 
by integrating out the massive degrees of freedom $: 

2.2 Diagrammatic analysis of the effective superpotential 

Here, we review the diagrammatical computation of the effective superpotential [21]. For 
simplicity, we in this subsection consider the classical vacuum where {(f)) = 0, by setting 
the coupling constant as mgi = —{e ± i^). In this case, the unbroken gauge group is still 
U{N). Also, we take (or V) as the background field B Therefore, the result of the 
diagrammatical computation can be written in terms of the coupling constants gi, g^ {i > 
2), the Fayet-Iliopoulos parameter m, the glueball superfield S = — Tr W"WQ/647r^ and 
the overall U{1) field strength w°' = TtW^/Sh. (The other Fayet-Iliopoulos parameters 
e, ^ are always translated into gi and m by mgi = — (e ± iC,)-) 

Due to the diagrammatical computation, we can obtain the following formula [21]: the 
contribution from the L-loop diagrams which has P propagators to the effective superpo- 
tential is, up to terms including the overall U{1) field strength w", 

w!:^j = N^ + wi'^ + wt\ (2.8) 
where H^2^^ can be written as 

mg2{L + 1) y dS J 

In ( 12.91) . W^2^'* is defined by replacing, in the first term of r.h.s. of (12.81) . one coupling 
constant according to 

9e ^^11^1^ ^+^' for £ = 3,...,n. (2.10) 
and summing over all possibilities. Also, W^^^ denotes the terms which include the higher 



order contributions in 1/m. As discussed in [SP, F^^ in (12. 8p can be identified with L- 
loop contribution to the planar free energy of the matrix model. Since W^2^^ ^3^^ 
are 0{l/m), we can see that, in A/" = 1 limit, we recover the result of [6], [7]. 



■^The simplest background is that consisting of a vanishing gauge field and a constant gaugino A", 
which satisfies {A", A''} = [25l[2T]. This configuration implies that traces of more than two W vanish. 
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Although 14^2^^ fl2.8p has been computed in [21], it is hard to obtain W^^^ explicitly. 
In order to see this, we briefly recall some details of the computation. First of all, we start 
from (12. 7p and integrate $. This is easily done by setting the anti-holomorphic couplings 
ge = for i > 3. With this choice, the ^-integral becomes a Gaussian integral and we are 
left with the holomorphic part of the action 

r n+1 - . n+1 £-1 



e=2 e=3 s=o 

f 9rr7 ?' \ ^ / f)'F\ 

(2.11) 



The first line is from F-term in S^^-^ and the second line is due to the Gaussian integration 
of $. The latter can be expanded as 

».* - S V-IS + >V Y 91* - SI = ^4V^* + (2.12) 



16^2 V a$ y V V2 4 y V J 8^2 

where V{^) denotes the higher order interaction terms, which is not considered in [21] . 
Note that V{<^) is C(l/m). 

Secondly, we read off the Feynman rule from fl2.1ip and (12.121) . Collecting the quadratic 
terms we can determine the propagator. Because of the second term of (12.111) which does 
not exist in 5*^^=1, the propagator is modified compared with that [7] of SV=i- The higher 
order interaction terms in the first term in (12. lip are same as that [7] in 5*^^=1. On the 
other hand, the interaction terms in the second term in (12. lip do not exist in SV=i- In 
addition, there lot of interaction terms in V{^). 

Finally, we compute the amplitude of the loop diagram. The amplitude of the non- 
planar diagram is exactly zero because of our choice of the background. (The detailed 
argument is found in [21] •) Therefore, we only have to consider the planar diagrams. From 
the contributions of the L-loop diagrams with P propagators, we obtain (12.80 and (12.90 . 
The first term of (12.90 is due to the fact that the propagator of the model is modified. 
Also, the second term of (12. 9p arises by considering the set of new vertices which are seen 
in the first line of (12. lip . The residual interaction V^($) is too complicated to compute its 
contribution to the effective superpotential explicitly. We have denoted it as W^^^ in (12.80 . 
The result of the diagrammatical computation (12.80 is to be compared with the effective 
superpotential which will be derived in section IH by making use of the generalized Konishi 
anomaly equations. Actually, as we will show in section [5], W^^^ exactly vanishes. 



6 



2.3 Generalized Konishi anomaly equations 

An alternative approach to the effective superpotential is to exploit and extend the prop- 
erties of the M = 1 chiral ring and the generalized Konishi anomaly equations based on 
[221 [8]. We will mainly use this approach in the rest of this paper. In this subsection, 
we derive the generalized Konishi anomaly equations with respect to the chiral one-point 
functions [2T] . 

The anomalous Ward identity of our model for the general transformation 5$ = 
is 



647r2 



{TifW'm - / ^Tr(/^'"($)W"W„) ) , (2.13) 



in the chiral ring. The second term in r.h.s. is due to the fact that the coefficient of 
W^Wa-term in 5^^^ is function of $, rather than the constant r. Note that W and JF 
are related as = mjF'"(<l>). In terms of the two generating functions of the chiral 

one-point functions 



647r2 \ z - $ 



T(z) = (Tr^), (2.14) 



the anomalous Ward identities (12.131) are 

R{zf = W'{z)R{z) + \f{z), (2.15) 
2R{z)T{z) = W\z)T{z) + 167rHj^"'{z)R{z) + ^c{z), (2.16) 

where f{z) and c{z) are polynomials of degree n — 1 and 

i=2 ^ > 

Since the explicit forms of /(z) and 0(2) are not needed in the analysis of the subsequent 
sections, we will not write it here. Note that the second term of r.h.s. of (I2.13P does not 
contribute to the equation for R{z) because of the chiral ring relation TrW^WaW^W/j = 
0. The equation for Ri^z) is, therefore, the same as that of [5], which is identified with 
the loop equation of the matrix model. On the other hand, the equation for T(2;) alters 
from that of |8]. This leads to the deformation of our effective superpotential from the 
well-known form in the theory 5"^^=! [6] . 
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3 Solution of the anomaly equation for R{z) 



By solving the generalized Konishi anomaly equations (12.151) and (I2.16p . we can obtain 
the explicit form of R{z) and T{z). In this section, we focus on R{z). 

The classical vacua are determined by the condition (12. 3p which is a polynomial of 
order n. If we denote the roots of (12. Sp by a/ (/ = 1, . . . n), the vacuum expectation value 
of the scalar field 4> is 

(0) = diag(ai, . . . , ai, 02, . . . a2, . . . , flfc . . . , a^). (3.1) 

Note that k can be less than n. Let us denote the number of a/ appearing in (13.11) by Nj. 
If k < n, corresponding Nj {I = k + 1, . . . ,n) are zero. We use indices i,j = 1, . . . ,k) 
rather than J, J when we refer only to nonvanishing Nj^s. In this notation, the gauge 
symmetry is broken to Y[i=i U{Ni) and Yli=i — ^■ 
Let us first consider (I2.15p . Its solution is 

R{z) = \ {W'{z) - ^W'{zY + f{z)) . (3.2) 

The sign of square root is determined by the asymptotics R{z) ~ S'/z at large z. From the 
above form, we can see that R{z) has cuts in the complex z plane and is a meromorphic 
function on a Riemann surface S of genus n — 1 

y' = W'{zf + f{z). (3.3) 

Let us denote by Ai A-cycles of S. In the semiclassical approximation where / is small, 
to each cycle Ai one can associate a zero of W, ai. Also, if we denote by Aj (/ 7^ i) the 
contours which circle around aj with I i, these contours are trivial. Therefore, we have 

Si= (f R{z)dz (for z = 1,...,A;), = / R{z)dz {ioil^i), (3.4) 

JAi Jai 

where we have defined the contour integral to include a factor of l/27rz. Also, we define 
S = J2i ^i- (13.41) means that factorizes as 

= W\zf + f{z) = Nn.u{zfF2k{z). (3.5) 

Nn~k{z) and F2k{z) are, respectively, polynomials of degree n — k and 2k. We obtain a 
reduced Riemann surface of genus k — 1 

yl, = F,k{z). (3.6) 
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Since f{z) is a polynomial of degree n — 1, a priori, f{z) has n undetermined coeffi- 
cients. However, (13.51) produces n — k constraints on the coefficients. Furthermore, the 
remaining undetermined coefficients are completely fixed by the first equation of (13.41) . 
Therefore, we can fix y and R{z) completely. 

For future reference, we consider the derivative of R{z) with respect to S^. From (13.21) . 
we obtain 

dRjz) ^ df{z)/dS. 
dSi A^W'iz)^ + fizy 

Also, by taking a derivative of (13.51) . we can see that df{z)/dSi are proportional to Nn-k 
and therefore we can write df{z)/dSi = Nn-k gi{z) where gi{z) are polynomials of degree 
k — 1. Hence, (13. 7p can be written as 

dR{z) g,{z) 



(for i = (3.^ 



where we have used the factorization condition (13.50 in the denominator. It is easy to see 
that gi{z)dz/4F2k{z) (i = 1, . . . , fc) is a set of normalized holomorphic differentials on the 
reduced Riemann surface (13.61) . In fact, taking the derivative of (13. 4p with respect to Sj, 
we obtain 

..,^£^.. (3,9) 
Multiplying A'^- and summing over j, we obtain 

4 Effective superpotential 

In this section, we first state our formula for the effective superpotential and make a 



comment on this. In subsection 14. ![ we provide a derivation of the formula. 
Let us define the one point functions as 

ve = ^(TrW"W«$0, ue={TT¥), forl<£<n + l. (4.1) 

647r^ 

In terms of Ve, we define F as 

d F TfL 

— = -Vi, for l<i<n + l. (4.2) 
dgi £\ 
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Since vi can be evaluated from R{z) which has been fixed completely as we have seen in 
section [3l we can compute F up to gf^-independent terms. Using F, the formula for the 
effective superpotential is given by 

^.rdF IQtiH'^ dF 
^ dSi dge-i 

up to (^riiidependent terms. Indeed, the quantity F can be identified with the free energy 
of the bosonic one matrix model as we will see in section 15.11 Hence we find that gg- 
dependent part of the effective superpotential of our model can be obtained from the 
matrix model computation by the simple formula fl4.3l) . In contrast to the case of 5^=1 
[6], we have the new term, the second term in (14.31) . Because of its 1/m dependence (and 
since we can see in section [5] that F depends only on gi and not on m), the second term 
disappears in A/" = 1 limit where m — oo with ge (for £ > 2) fixed. Therefore, we obtain 
Dijkgraaf-Vafa formula clS db particular limit of (14.31) . 

In the theory SV=i, it is known that the full effective superpotential has the non- 
perturbative correction [26] which is called Veneziano-Yankielowicz term and do not de- 
pend on the coupling g^. In [6], it has been suggested that the effective superpoten- 
tial of the theory SV=i can be computed from the matrix model including Veneziano- 
Yankielowicz term. The free energy of the matrix model in fact has (^^-independent term 
by taking into account the volume of U{N) group rotating the hermitian matrix M. From 
this term of the free energy, we can obtain the well-known Veneziano-Yankielowicz term 
of the effective superpotential. 

In [23], it has been shown that the (^^-independent term is same as the well-known 
Veneziano-Yankielowicz term using the instanton calculation [19], for a generic A/" = 1 
gauge model. Here, however, we focus on only (jfrdependent part. 

4.1 Proof of the formula 

Let us show the formula for the effective superpotential up to (^^-independent terms. To 
begin with, we take a derivative of (14. 3 p with respect to the coupling gi, 

Also, by taking a variational derivative of (12.71) with respect to the coupling g^, we obtain 
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By comparing (14. 4p and (14. 5p . we obtain 



9 Si m ^ dge^i 



(4.6) 



Hence, once we prove the equation 



dR{z) IGttH ^ dR{z) 



dSi m — uye-i 



(4.7) 



the formula (14.31) follows as a truncation of (14. 7p up to the first n + 1 terms in the 1/z 
expansion. 

For this purpose, we start by solving the remaining generalized Konishi anomaly equa- 
tion (12361) . By substituting into fl236|) . we obtain 



Tiz) 



c{z) 



A^W'{zf + f\z 
Recall that T{z) satisfies the following conditions; 



+ m I \ iz) 



(p T{z)dz, for i = 1, . . . , fc. 



(4.9) 



Let us show that the right hand side of (14.71) is equal to the right hand side of (14.80 

dRjz] 



As we have already observed in (13.80 . ^^^dz provides a set of normalized holomorphic 



differentials on the reduced curve. (14. 9 p is, therefore, saturated by 

i 

with 



dSi ^ *4F2fc(^) - 4F2fc(^) 



(4.10) 



h{z) 



A, ^F^Az) 



-dz. 



(4.11) 



Introducing 

we obtain 
= 



D{z) = c{z)-N^.uh{z) 



(4.12) 



-Diz) 



A^W'{zf + f{z) 



^vr^z T"\z) - 



W'{z)r"{z) 
^W'{zf + f{z) 



dz, 1 < I < n. 

(4.13) 
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On the other hand, the derivatives of R{z) with respect to ge are 

dR{z) _l( dW'{z) _ W'{z){dW'{z)/dgi) \ _ df{z)/dgi 
dgi ~ 2 dg, ^/W'^zf + ) A^W'^zf + f{^' 



(4.14) 



Recalhng (12.171) as well as the definition of W{z) and hence mJ-'"'{z) = Yl^=i 9(.+id^' / ^91 
we obtain 

2_^ge+i— = 871 t\T [z 



m 



i=i 



dge 



+ 



IGtt^z ( -YJ'i=i9^+idf{z)/dgi 



m 



(4.15) 



Our proof becomes complete as soon as we obtain 



D{z) = 



9i+r 



df{z) 



m ^ — ' " dop 

1=1 



(4.16) 



Observing = dSi/dgn = ^ -R(^), we obtain 
IOtt^z ( -YA=i9i+idf{z)/dg^ 



+ MH T"'{z 



Eq. fli:T3D and fliTTj) give 



w'{z)r"{z) 

1< I <n. 



(4.17) 



^ ^ m-'-^Eti9e-,idf{z)/dg, ^^ 



,A, A^W'izy + f{z) 

Expanding the integrand by a set of holomorphic differentials {z^dz/ ^JW\zY + ji^z) 
0, ... n — 1} of the original curve, we deduce (I4.16p . 



(4.18) 



5 Comparison with diagrammatical computation 

The effective superpotential (14. 3 p should be obtained from computing all the possible 
planar diagrams based on the procedure in the subsection 12.21 From (14.31) . the L-loop 
contribution to the effective superpotential can be written as 

In this section, we compare this expression with the result of diagrammatical computation 
(12. 8p . At first sight, it seems that (15.11) is different from (12.80 : while the latter contains 
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W.^ which contains in general higher order terms in 1/m in A/" = 1 limit, the former does 
not contain such terms. In section [5TT1 we will show that the first terms in two expressions 
(15. ip and (12. 8p are equal, which needs the consideration of the matrix model. Then, we 
show that the second term in (15. ip are equivalent to W2^^ in (12.80 in section 15. 2[ This 
leads to that W^^^ vanishes. 



5.1 Comparison with the matrix model 

As discussed in [2T] , Fm^ in (12. Sp is the L-loop contribution to the free energy of the matrix 
model. Therefore, in this subsection, let us show that F in (14.20 or ( 14.30 is identified with 
the free energy Fm of the matrix model except for (yf^-independent terms, which leads to 
the identification F^^^ in (15. ip and Fm^ in (12. 8p . The argument here is the same as that 

of[H]. 

The bosonic one matrix model is defined by integral of iV x TV hermitian matrix M. 
The definition of the free energy is 



exp 




dM exp 



N 

W{M) 

9m 



(5.2) 



where 



W{M) = tr 



n+l _ 



(5.3) 



Note that the matrix size is not related with the rank of the gauge group A^. 

Let us define the matrix model resolvent as Rm{z) = ^ (^^13^)- With this, the loop 
equation reduces, in the planar limit, that is, the large A^ limit, to Rm{zY = W'{z)Rm{z) + 
fm{z)/4: whose form is the same as that of the generalized Konishi anomaly equation 
(I2.15p . A polynomial fm{z) is determined by the condition g^Ni/N = §^ dzR^^z), 
where Aj is the number of the eigenvalues of M near the critical point and each 
contour Ai is defined to cycle the i-th critical point. If we identified the filling fraction 
QmNi/ N with the glueball superfield Si, we can see that the polynomial fm{z) is equal to 
f{z) in the gauge theory. Therefore, by the identification Si = gmNi/N, we can conclude 
R^z) = R{z). 

As a final step, by taking a variational derivative of the partition function (15.20 with 
respect to g^, we obtain 

dFm 



m 



m 



dgi N I ^! 



(5.4) 



13 



In the last equality, we have used Rm{z) = R{z). This is the same equation as the 
definition of F (14.21) . Hence, we conclude that F in the effective superpotential (14. 3 p is 
the free energy of the matrix model up to (yf^-independent terms. 

5.2 Comparison with the result of diagrammatical computation 

In the last section, we have established the equivalence of F*^^^ and Fm'^ . Here, we show 
the second term in ([51]) is equal to w!^^^ in ([21]). 

Let us first consider the coupling dependence of the F'^^^ = Fm^ . Fm'^ is the contri- 
bution from the L-loop diagrams to the matrix model free energy. From the form of the 
action of the matrix model (15.21) . we can read off the propagator which is proportional to 
gm/Ng2 and the vertices which are proportional to Nge/gm- Therefore, the amplitude of 
the L-loop diagrams with P propagators and V vertices is 

fi~g3,---rgn+i) gP.v^v-p+h^ (55) 
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where /(^s, . . . ,gn+i) is a function of ^3, . . . ,gn+i of degree V. h is the number of the 
index loops and the factor N'^ is due to the traces of the index loops. The function / 
is determined by calculating the symmetric factor and the coupling constants of each 
diagram we consider. Since we take the planar limit, the diagrams which should be 
considered have the topology of sphere x = V~P + h = 2. By taking account of the 
factor in front of F^ in ( 15. 2p . we obtain the contribution of the L-loop planar diagrams 

= mil_lll^s\ (5.6) 

We have used the identification gm = S in the case of unbroken U{N). Hence, if we use 
L = /i — 1 , we have 

= = N{L + i)f(kll_l9^s^, (5.7) 

oS Ob g2 

Now, we are ready to show the second term in (15. ip is W2^^ in (12.80 . From (12. 8p and 
(12:9]). ivf ^ can be written as, 



2 



IGttHS 
m{L + V 



-P)^ \ 

dS dS 



{5.t 



where \g^^g^_^^ means the procedure of changing the coupling constant by gi gi+i for 
each coupling gi in dF^^^dS and summing over all possibilities. The forms of ( 15. 6p and 



14 



dEZD lead to dF^^yOS = {L + l)F^^yS. Therefore, we derive 

We have included £ = 2 term because Fm^ do not contain gi and thus dF'^^^/dgi = 0. 
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Appendix 

A Kahler term in the action 

In [TT|[T2]. the action has been constructed, following the gauging procedure of the general 
Kahler potential in [2l], restricting itself to be the one dictated by the special Kahler 
geometry. In this procedure, the action is [H], [12] 

U<l>-Ta - •I'^-FJ + rfaet°-''('=-^«)t;^I),|,.^^., (A.l) 
2 Jo 

where J-'a and JF„ denote dT/d^"' and 9jF/9l>" respectively. Also, da = d/d^"" and 
da* = d/d^"". In (lA.ip . ka are the Killing vectors and are generated by the Killing 
potentials Va- 



which satisfies [H] 



Also, Va are given by 



ka = fc^ d,, C = -ig^'^d.^Va, (A.2) 



kid,^'^ = f^,^^ kid,Ta = -KcJ'c. (A.3) 



Va = -\{:F,fl^^ + ^,fl^^). (A.4) 
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At first sight, it seems tliat the form of flA.ll) is different from the Kahler term 



2 



9$ 



— h.c. 



(A.5) 



in subsection 12. 1[ Let us show the equivalence of (1A.1|) and (lA.Sp . Here, we work 

in Wess-Zumino gauge and therefore we only have to show the equivalence of these up to 
second order in V . First of all, let us consider the zero-th order term in V . Using 



{to) 



dT 



n+l 



n+1 



9er 



(A.6) 



where index i = 1, . . . ,N labels the fundamental representation, the zero-th order term 
in (1A.5I) can be calculated as 



-dT - dJ^ - dT 



(A.7) 



Hence, the zero-th order terms in flA.ip and flA.SP are identical. 

Next, we turn to the linear term in V . The linear term in ( lA.ip is simply V^Da- It is 
straightforward to observe 

v-v, = -hy^T,il^'^h.c) 



+ h.c. 



--Tr I $ 



dT' 



h.c. 



(A.8) 



In the second equality, we have used flA.6p . This is the linear term in (lA.Sp . 

Finally, let us consider the term in (lA.ip . By using (\A.2\i and (lA.4p . we derive 



a\rb „cd/ 



Since g'"^{dd*Va)Tec = iK^cTe 



- --V''V'g^{d,,Va){TecK^¥ + TJtc)- 

-ifae^c by (lA.Sp . the first term can be written as 
i 



(A.9) 



^ ■ ■ J ae'' cJbf - 

On the other hand, by using the formula (we will show this formula below) 



(A.IO) 



(A.ll) 
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we can 



compute the second term of flA.9l) as follows: 



Ibc- 



Therefore, (1A.9P is 

l{V^V'r,,:FJI^¥ - h.c.) = -'-Tt U 



I 

4' 



h.c 



(A.12) 



(A.13) 



which proves the equivalence of the V"^ terms in ( lA.ll) and (1A.5I) . 

Let us show the formula (lA.llI) . From (1A.2I) the first equation in (lA.Sp . we can write 

(A.14) 



Multiplying gha by the above equation, 

■afbc^" = l^dfL + l^dhft^' = \:F,ftn + QdHft^" + \:F,Ut^\ (A.15) 



Therefore, we have shown the formula 
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